ﬁl‘ Journal of Global Optimization 21: 39-50, 2001. 39
i~ © 2001 Kluwer Academic Publishers. Printed in the Netherlands.

Existence of a Saddle Point in Nonconvex
Constrained Optimization*

D. LIt and X. L. SUN?

IDepartment of Systems Engineering and Engineering Management, The Chinese University of
Hong Kong, Shatin, NT, Hong Kong (e-mail: dli @se.cuhk.edu.hk); 2Department of Mathematics,
Shanghai University, Baoshan, Shanghai 200436, P.R. China

(Received 24 December 1999; accepted in revised form 10 April 2001)

Abstract. The existence of a saddle point in nonconvex constrained optimization problems is con-
sidered in this paper. We show that, under some mild conditions, the existence of a saddle point can
be ensured in an equivalent p-th power formulation for a general class of nonconvex constrained
optimization problems. This result expands considerably the class of optimization problems where
a saddle point exists and thus enlarges the family of nonconvex problems that can be solved by
dual-search methods.
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1. Introduction

Let f: R" — Randg; : R" — R, j = 1,...,m, be twice differentiable
functions. Consider the following constrained optimization problem:

min  f(x) (1a)
s. t. g](x)éb], J:l,z, ,m, (1b)
x € X, (1c)

where X is a closed and bounded subset of R". Without loss of generality, we as-
sume that f and g;s are strictly positive over X and 5; > 0 for all j. This assump-
tion can be always satisfied via some equivalent transformations (e.g., exponential
transformation) on (1).

It is well known that the saddle point condition is a sufficient condition for
optimality. A crucial subject in constrained optimization is then the existence of
a saddle point of the Lagrangian associated with problem (1). If there exists a
saddle point, some efficient dual-search methods (see Luenberger, 1984) can be
adopted to solve problem (1). In convex situations, the existence of a saddle point
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is proven in Karlin (1959) using the separation theorem under some constraint
qualification conditions. The existence of a saddle point, however, is not guaranteed
for nonconvex constrained optimization problems.

The existence of a saddle point is closely related to the convexity of the perturb-
ation function of problem (1) defined by

w(y) = mln{f()C) | gj(x) < Yis ] = 1’ 2’ oML X E X}7 (2)
The domain of the function w is

Y ={y e R" | there exists ax € X satisfying g;(x) <y;, j=1,2,... ,m]}.
@)

It has been shown that problem (1) possesses a saddle point if and only if the graph
of w has a supporting hyperplane at b = (b1, ... , b,)" (see Minoux, 1986).

Applying a p-th power, with p > 1, to both the objective function and the
constraints of (1) results in the following p-th power formulation (see Li, 1995
and Li, 1997) which is equivalent to problem (1),

min  [f(x)]? (4a)
s.t. [gi(x)]? fbf, j=12,...,m, (4b)
x € X. (4c)

Let w,(z) denote the perturbation function of the p-th power formulation in (4),
wy(2) = min{[f ()17 | [g;()]” <z;,j=1,2,...,m,x € X}
Note that w,(y”) = [w(y)]”. The domain of w,, is
Y,={z=01,....y)" | yeY}.

It has been proven in Li (1995) that under certain conditions the perturbation func-
tion of (4), w,, is a convex function of z in a neighborhood of b7 = (b1, ... , bh)T
when p is chosen sufficiently large. Thus a local saddle point is guaranteed to exist
for the p-th power formulation. In many cases, this local saddle point is expected
to be a global saddle point of problem (4). It has been shown in Xu (1997) that the
same result can be obtained under weaker conditions by applying the p-th power
transformation only to the constraints of (1).

The aim of this paper is to show that under some mild conditions, the local
saddle point produced by the p-th power method is actually a global saddle point
of problem (4) when p is chosen sufficiently large. The result in this paper ex-
pands considerably the class of optimization problems where a saddle point exists.
Dual-based algorithms can then succeed in solving a general class of nonconvex
problems in their p-th power formulations while the classical Lagrangian method
fails due to a duality gap.
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2. Existence of a Saddle Point

Let x* be a global optimal solution of problem (1). We make the following conven-
tional assumption about x*.

ASSUMPTION 2.1

(@) There is a multiplier vector A* e R’ satisfying the following first-order
optimality conditions:

T
|:Vf(x*) + ijng(x*)} d=>0, VdeT(x, (5)
j=1
> Xilgi(x*) — bj1=0, (6)
j=1

where T (x*) denotes the tangent cone of X at x*.
(b) The Hessian of the Lagrangian of problem (1):

Hx")=V2fH+ Y Mvig(”)
JeJ(x)
is positive definite on M (x*), where
J) ={jefl,...,m}| A} >0}

N(x*)={d eR" | Vf(x*)'d=0and Vg;(x*)'d =0, j € J(x")},
M(x*) = N(x*) N T(x).

(c) Theset X islocally convex around x*.

The associated Lagrangian function of the p-th power formulation in (4) is
defined by

Ly(x, ) = [f@1 + Y pi{lg; ()17 — b}, (7)
j=1
Let
wy =[O/ )P /lgm () 1PHT (8)

In the sequel, we always assume J(x*) # (. Otherwise, (1) can be reduced to
an unconstrained problem. The following theorem (see Xu, 1997, Theorem 2.3)
shows that (x*, w7) is a local saddle point of the Lagrangian defined by (7) when
p is sufficiently large.
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THEOREM 2.1 Let x* be a global optimal solution satisfying Assumption 2.1.
Then thereexistsa gg > 0 and § > 0 such that

Ly(x*,pu) < Lpy(x™, 13) < Ly(x, 1) 9)
holdsfor all x € N(x*,8) N X and u > 0 when p > ¢o, where
N(x*,8) ={x e R" | |lx —x¥|| <5}

We now proceed to prove that under certain conditions inequality (9) holds for
all x € X when p is chosen large enough. It is easy to see that the first inequality in
(9) always holds by noticing condition (6) and the feasibility of x*. We will prove
in the following the second inequality in (9). Let J—(x*) = {1, ... ,m} \ J(x%).
Define

F={xeX|gix)<b;, j=1,...,m}, (10)
Fi(e)={xe X |gj(x) <b;+e je )} (11)
F={xeX|gix) <b;, jeJ (x)}, (12)
UE)={xeX| fx) < f(x")+e} (13)

THEOREM 2.2 Let x* be a global optimal solution satisfying Assumption 2.1.
Suppose that the following conditions hold:

(i) x* isthe unique global solution of (1);
(i) If J=(x*) #£ @, then there exist positive ¢y and €; such that

f&x) > f(xX) +e, Vx e Fi(er) \ Fo. (14)

Then there exists a g > 0 such that (9) holds for all x € X and i > 0 when
P=q.
Proof. Denote N°(x*, 8) = {x € R" | ||x — x*|| < §}. Let

¢ = dist (F, U(0) \ N°(x*, 8))
=min{lx —yl | x € F, y e U0)\ N°(x*, §)}.

We claim that ¢ > 0. Otherwise, if ¢ = 0, then there exist two sequences {x,} and

{y,} satisfying x,, € F, y, € U(0) \ N°(x*, §) such that x,, — y, — 0. Since F is

compact, we have x, — ¥ € Fand y, — y € U(0) \ N°(x*, 8). It follows that

X = y. Hence x is an optimal solution of problem (1) and x # x*, a contradiction

to the uniqueness of the global optimum solution.
Define

~ { F, ifJ - (x*)#0

R=1x itren=0 =
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Note from (10)—(12) that F = F;(0)NF>. Thus, for any positive e, the set F; (e)NF,
is an enlargement of the feasible region F by relaxing the strictly active constraints
(with indices j € J(x™)). Since ¢ > 0, by the compactness of F and the continuity
of f and g;s, there exists a positive €, < ¢, satisfying

[Fi(e2) N 1 N [U(0) \ NO(x*, 8)] = 4, (16)
Let

0 = [Fi(e) N F2] \ N°(x*, 8), 17

€3 =min{f(x) — f(x*) | x € O} (18)

Equation (16) implies €3 > 0.
Now we prove the second inequality in (9) by contradiction. Suppose that there
exists a sequence {x,} C X with p — +o0 such that

Lyp(ip. ih) < Ly(x*, ). (19)

Note that g;(x*) = b; for j € J(x*). Thus, from (7) and (8), we can rewrite (19)
as

D g () /b1 g (k) — b} < fOF) = [f () [f )IPTF(xp).
jeJ(x*)

(20)

For convenience, we denote

K, = Z kj{[gj(xp)/bj]p_lgj(xp)_bJ}’

JEJ(x*)
Ky = f(x*) = [f () /f P f (xp).
The following can be verified using (11), (12) and (17),
X = QUI[X\ (Fi(e2) UN’(x*, 8))]U[Fi(e) \ (F, U N°(x*, 8)] U [N (x*, 8) N X].

Notice from (15) that the set Fi(ey) \ (F> U N°(x*,8)) = @ if J-(x*) = #.
Since, based on Theorem 2.1, (20) does not hold for x, € N(x*,§) N X when
p is sufficiently large, we only need to consider the following three cases.

Case (a): x, € Q. From (18), we have f(x,) > f(x*) + €3. Thus

Ki>— Y xb;, (21)
JEJ(x*)
Ky < f(x*) — [1+ ea/f(xDIP S, (22)

where f = min,x f(x) > 0. Since 3 > O, letting p — +o0, (22) implies
K, — —o0, which contradicts (20), when combined with (21).
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Case (b): x, € X\ (Fi(e2) UNO(x*, 8)). By (11), there exists a jo € J(x*) such
that g,(x,) > bj, + €. Thus

K| > )»;0(1 + 62/bj0)p_1(bjo + €) — Z )\'jbj’ (23)
JEJ(x*)

K, < f(x%). (24)

Equation (23) implies that K; — +o00 as p — +o0, which contradicts (20), when
combined with (24).

Case (): J~(x*) # ¥ and x, € Fi(e) \ (F2 U N°(x*, 8)). Since e, < €, by
(11) and (15), we have

x, € Fi(e2) \ (F, UN°(x*,8)) C Fi(er) \ (F, U N°(x*%, 8)).

Thus, we have f(x,) > f(x*) 4 € from (14). Using similar arguments as in case
(a), we can derive a contradiction to (20).

PROPOSITION 2.1 If the following holds:
F1(0)NU©O) = {x*}, (25)

then conditions (i) and (ii) in Theorem 2.2 are satisfied.
Proof. Since F C F;(0), condition (i) can be deduced from (25) directly. Now
suppose that J~(x*) # @. By the assumption, we have

dist(F1(0) \ F2, U(0)) = inf{llx — yll | x € F1(0) \ F2, y € U(0)} > 0.
Hence, there must exist €5 and €7 such that

[Fi(e1) \ F21 N U (&) =¥,
which implies

fx) > f(x*) +e, Vxe File))\ Fa.
Therefore, (14) is satisfied.

REMARK 2.1 Geometrically, condition (ii) in Theorem 2.2 requires that the con-
tour f(x) = f(x*) does not extend to the area near the boundary of F,. Thus, if
there exists a supporting hyperplane separating F1(0) from U (0) at x*, then (14)
will be satisfied. In the following, we verify (25) for convex programming under
assumptions that x* is a unique global solution of (1) and that there is no degenerate
active constraints at x*. Note that ¥ N U (0) = {x*}. Thus, by the convexity of f
and g;s, there is a hyperplane separating F from Ug at x*, i.e., 3A # 0 such that

AT(x —x*) <0, VxeF, x#x*, (26)
Af(x —x*) >0, VxeU(Q)), x #x*. (27)
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Since no active constraint is degenerate, J (x*) includes all the active indices of the
active constraints, and hence there is a positive € such that

FNN(®&* e) = Fi(0) N N(x¥, €). (28)
Forany x € F1(0), x # x*, by the convexity of F;(0), we have x* + a(x — x*) €
F1(0) forall « € [0, 1]. There must exist an g € (0, 1) such that x* +ag(x —x*) €
F1(0) N N(x*, €). Hence x* + ag(x — x*) € F by (28). It follows from (26) that

aor (x —x*) = AT[x* + ag(x —x*) —x*] < 0,

which implies x ¢ U(0) by (27). Therefore F1(0) N U (0) = {x*}.

From the equivalence between the existence of a saddle point and the existence
of a supporting hyperplane of the perturbation function, we have the following
corollary.

COROLLARY 2.1 Under the conditions of Theorem 2.2, there exist ¢ > 0 and
for each p > g amultiplier u}, € R’ satisfying

wp(2) = wy(b”) — (i) (z — b")

forall z € Y, when p > q.

3. lllustrative Example

EXAMPLE 3.1 Consider the following constrained optimization problem:

min  f(x) =1+ (2x; — 3)(2x; — 3) (29a)
s.t. g1(x) =2x1 —x, +2 <3, (29b)
g2x)=x2+1<2, (29c)
x e X =10,15]%. (29d)

This example is an indefinite quadratic problem and has a unique global optimal
solution x* = (1, 1)7 with A* = (1, 3)7, see Figure 1. The perturbation function
defined in (2) is given as follows for this example problem:

w(y) = 1+ (1 +y2—6)2y, —5), 3<y+y<6andl <y, <25,
Y= 1, otherwise.

In the neighborhood of y = (3,2)7, w(y) is an indefinite quadratic function with
eigenvalues: 2 + 24/2 and 2 — 2+/2. There is no supporting hyperplane at y =
(3,2)T and hence no saddle point for problem (29), see Figure 2.
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1.5 \ ]
f(x)=2 u(0)
x2=1
] ﬁ
0.5F F -
0
0 1.5
Figure 1. Geometrical illustration of Example 3.1.
Now consider the equivalent p-th power formulation of (29):
min - [f(0)]" =[14 (2x1 — 3)(2x2 — 3)J” (30a)
s.t. [g1(0)]" = (2x1 —x2 +2)" <37, (30b)
[82(x)]" = (x2 + 1P < 27, (30c)
x e X =10,15]%. (30d)

It can be verified that Assumption 2.1 and conditions in Theorem 2.2 are satisfied
at x*. Hence there must exist a p > 1 and a multiplier u’;, > 0 such that (x*, M;)
is a saddle point of (30). In fact, when p = 3, it can be verified that u* = u3 =
(4/9,3)7 is a saddle point multiplier for problem (30): x* = (1, 1)7 solves the
following Lagrangian problem:

minLa(e, p) = min  [fP +4/9{510)F = 3} + 3([g2(0F — 2%).

Combined with (6) and (8), this implies that (x*, u*) is a saddle point of problem
(30). Figure 3 illustrates the perturbation function wsz(z) near z = (27, 8)7.
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Figure 2. Perturbation function w(y) of Example 3.1.
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Figure 3. 3-rd power perturbation function w3(z) of Example 3.1.
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Figure 4. lllustration of condition (ii) in Theorem 2.2 for Example 4.1.

4. Final Remarks

The result in this paper extends the existence results of a saddle point from convex
constrained optimization to a general class of nonconvex constrained optimization
problems. The result on the existence of a saddle point in Theorem 2.2 can be
further extended to certain extent.

Suppose there are finitely many global solutions of (1), x{j;, x5, - - ., x{k;- Let

gﬁ"] =gi(xiy), k=1,2,..., K, j=1,2 ..., m. Suppose there exist no distinct

J
(1) such that there exists no other global solution x , kef{l,2,....,K}, k #k

% and £ such that ¢! = g viji=1,2, ... m. Let x, be a global solution of

with gﬁ.’;] < gyg]’ j=1,2,...,m,and at least one strict inequality holds. Then it
can be concluded from Theorem 2.2 that a saddle point will exist for a p-th power
formulation of the following modified version of (1), with x[*lz] being the unique
global optimal solution,

min  f(x)

stogm <&M j=12....m,

x € X,
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where the assumptions in Theorem 2.2 are assumed to be satisfied at x[*;;].

The following example shows that condition (ii) in Theorem 2.2 is indispens-
able to ensure a saddle point to be produced by the p-th power Lagrangian formu-
lation.

EXAMPLE 4.1 Consider a concave instance of problem (1):

min - f(x) =3 —x% — x? (31a)
S.t. g1(x) =3 —x14+x <3, (31b)
2(x)=34+x1+x <4, (31c)
g3(x) =2—x3 <2, (31d)
xeX=[-1172 (31e)

A graphical illustration of this example is given in Figure 4. We see that the unique
global optimal solution of (31) is x* = (1,0)7. It can be verified that A* =
0,2,2)", wy = (0,1/2772,2)", J(x*) = (2,3}, M(x*) = {0}. Consider point
xo = (=1,1)T e X. From Figure 4, we can see that xo € Fi(¢) \ F> forany € > 0.
Also, f(xg) = 1 < 2 = f(x*). Thus problem (31) does not satisfy condition
(if). We assert that the existence of a saddle point concluded in Theorem 2.2 is not
ensured for this example. Indeed,

L,(x*, w,) = [f(xH)]F =27,
Ly(xo, ) =17 +1/2"72 x 3" —4") +2 x (1”7 = 27) < 1.

Hence, for any p > 0, we have L,(x*, u,) > L (xo, &},).

However, if we only take constraints g, and gz as the Lagrangian constraints
while combining constraint g; with X, then a saddle point will exist in a p-th
power formulation of the following problem,

min  f(x) =3 — xf — x22 (32a)
S.t. g21(x) =3+ x1+xp <4, (32b)
g2(x) =2 —x; <2, (32¢c)
xeX={xe[-1,1Pand 3 —x; + x, < 3} (32d)

Thus, the partitioning of the constraints between the set of Lagrangian constraints
and the set of non-Lagrangian constraints has significant impact on the existence
of a saddle point.

When J~ (x*) # @, the perturbation function w(y) is locally flat at y = » along
the coordinates y;, i € J~(x*). From Example 4.1, we see that in order to ensure
an existence of a saddle point, condition (ii) in Theorem 2.2 basically requires that
the perturbation function w(y) remain flat over the region: {y e Y | y; < b;, j €
J(x*), yj > b, jeJ (xM)}
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